UNCONDITIONAL STRUCTURES OF WEAKLY NULL 

SEQUENCES 
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Abstract. The following dichotomy is established for a normalized 
weakly null sequence in a Banach space: Either every subsequence ad- 
mits a convex block subsequence equivalent to the unit vector basis of 
Co, or there exists a subsequence which is boundedly convexly complete. 



1. Introduction 

The semi- normalized weakly null sequences (i.e., sequences (xj) in a Ba- 
nach space converging weakly to zero and such that infj > 0) being 
a fundamental concept in the theory of Banach spaces have been stud- 
ied extensively and several results about their structure, and the structure 
of the spaces spanned by them have been proved. We mention Bessaga- 
Pelczynski's theorem, [ B-P| ] , that any such sequence has a subsequence which 
is Schauder basic, and the Maurey- Rosenthal's examples, M-R |, of weakly 
null sequences without unconditional basic subsequences. Both results are 
fundamental with enormous impact in the development of the theory. 

After the appearance of Maurey-Rosenthal's examples, a number of re- 
sults establishing certain forms of "restricted" unconditionality for weakly 
null sequences were obtained. We recall Elton's near unconditionality, [0, 
[01 1, the Schreier unconditionality, stated in |M-R| and proved also later by 



Odell, [02], and the Argyros- Mercourakis - Tsarpalias convex uncondition- 
ality, [ A-M-T| ]. Also, the Schreier families {5'^}^<j^^i [ A-A [, and the repeated 
averages hierarchy, [ A-M-T ], determined the structure of those convex com- 
binations of a weakly null sequence that tend to zero in norm. 

The second and the third sections of the present paper are devoted to a 
unified approach of these results. Some of them are stated in a more general 
setting and the proofs, given here, are simpler than the existing ones. The 
fourth section contains a new dichotomy for weakly null sequences. We 
shall next explain our results related to this dichotomy and then present 
the results of the first two sections. We are interested in the isomorphic 
structure of subsequences of a given sequence {xj). Therefore, in the sequel, 
by a weakly null sequence {xj) we shall mean a normalized sequence which 
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is additionally bimonotone. That is \\xj\\ = 1 and 



sup max 

n 



oo 



< 



0^7 X'i 



i=l 

for all choices of scalars (oj). We shall use standard Banach space facts 
and terminology. Throughout this paper, X will denote a real infinite di- 
mensional Banach space and Bx its closed unit ball. X* stands for the 
the Banach space of real-valued linear functionals on X which are contin- 
uous with respect to the norm topology. Cq denotes the Banach space of 
real sequences tending to zero, under the supremum norm. £i is the Ba- 
nach space of absolutely summable real sequences, under the norm given by 
the sum of the absolute values of the coordinates. We mention here that 
in the sequel, we shall often identify the elements of £i with signed mea- 
sures on N. A semi-normalized sequence (i/j) in X is called C-equivalent to 
the unit vector basis of cq, if there exists a positive constant C such that 



II Yl]=i (ijVjW < Cmaxj<„ |c 

{aj)^^i. For an infinite subset M of N, we let [M] (resp 

the set of its infinite (resp. finite) subsets. 

Wc start with some definitions and notations. 



for every n G N, and all choices of scalars 

[M]<°°) denote 



Definition 1.1. 

1. A sequence s 
if 



(xj) in a Banach space X is said to be strongly bounded 



sup 

n 



def 



b{s) < oo. 



2. A Schauder basic sequence s = (xj) is said to be semi-boundedly com- 
plete , (sb.c), if for every sequence of coefficients (aj) such that {cLjXj) 



is strongly hounded, we have that \\m.j aj = 0. 
3. Let s = (xj) be a Schauder basic sequence and a 
of scalars. For every n eN, we define 



(aj), be a sequence 



E 



ajXj 



n 



< mini^", \a 



< 1 



Tn{a,s) = SUp< 

j^F 

and r(a, s) = lim„ r„(a, s). 

The basic definition related to our result is the following. 

Definition 1.2. A weakly null sequence s = (xj) is said to be boundedly 
convexly complete , (b.c.c), if for every sequence of scalars a = (aj) such 
that (ajXj) is strongly bounded we have that T{a, s) = 0. 

Evidently, a sequence {xj) is b.c.c. if and only if the following holds for 
every scalar sequence (cj) such that (ajXj) is strongly bounded: given (Fj), a 
sequence of consecutive finite subsets of N such that inf„ || J2j£Fn %^ill > 0' 
then sup„X;jeF„ = oo- 
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It follows easily that every b.c.c. sequence is also sb.c. Also, for a sequence 
s we have that T(a, s) > if and only if there exists an increasing sequence 
(Fn) of finite subsets of N such that X^^g^^ \aj\ < 1, for all n € N, and 

infn WT^jsFr^ajXjW > 0. 

Assuming s is weakly null and that a = (aj) satisfies the stronger con- 
dition that the series Y^JLi ^j^j converges in norm, it does not seem clear 
that r(a, s) = 0. However, if [xj) is convexly unconditional it is guaranteed 
that for any such a we have that r(a, s) = 0. The main result of the fourth 
section is the following. 

Theorem 1.3. For every weakly null sequence {xj) one of the following 
two alternatives holds exclusively: 

1. There exists a houndedly convexly complete subsequence. 

2. Every subsequence admits a convex block subsequence equivalent to the 
unit vector basis of cq . 

We recall that as a consequence of Elton's nearly unconditional theorem, 
one obtains a similar dichotomy for weakly null sequences where the two 
alternatives go as follows: 

1. There exists a semi-boundedly complete subsequence. 

2. Every subsequence admits a further subsequence equivalent to the unit 
vector basis of cq . 

Thus our result may be considered as the continuation of Elton's theorem 
in the direction of the deeper search in the span of the sequence [xj), for the 
existence of a block subsequence equivalent to the unit vector basis of cq. 
Also the alternative to the later case is the existence of a restricted form of 
unconditionality which is, in an asymptotic sense, the near unconditionality 
for convex block subsequences. 

Let us observe that if we assume that the sequence {xj) is unconditional 
basic, then Theorem |l.3| follows easily by well known arguments. However, 
even in this case, our proof derives more information on the structure of the 
sequence. This is a consequence of our next result. 

Theorem 1.4. Let s = {xn) be a weakly null sequence having no subse- 
quence which is b.c.c. There exist € [N] , ^ < cji and a constant C > 
such that the subsequence {xn)neN is an if spreading model, and for every 
Q € [N], {S_n ■ s)neN is C -equivalent to the unit vector basis of cq. 

Where (^n • s)neN is the sequence of the repeated averages of order ^ of 
the sequence This concept will be explained in the next section. 

Therefore, every weakly null sequence with no b.c.c. subsequence, has 
a subsequence which behaves similarly to the basis of Schreier's space X^, 
for a countable ordinal ^. Recall that is defined as the completion of 
(coo, II • llg) where 

||x||^ = sup > |a;(n)| 
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for X = {x{n)) € cqo, the space of ultimately vanishing sequences. We 



do not know if the subsequence {xn)neM resulting from Theorem 1.4 is 
actually equivalent to a subsequence of the unit vector basis of for the 
corresponding ordinal ^. 



The proof of Theorem 1.4 which immediately implies Theorem 1.2, is 
of combinatorial nature depending heavily on results obtained in sections 
2 and 3. Roughly speaking the nature of this theorem enforces a delicate 
combination of the near unconditionality with the convex unconditionality 
and the results related to summability methods. 

The statement of Theorem |1.3| reminds us of Rosenthal's remarkable di- 
chotomy, [0, for non-trivial weak-Cauchy sequences. ( A weak Cauchy 
sequence is called non-trivial if it is non- weakly convergent.) We recall the 
statement of this theorem. 

Theorem 1.5. Every non-trivial weak Cauchy sequence in a (real or com- 
plex) Banach space has either a strongly summing subsequence or a convex 
block basis equivalent to the summing basis. 

Following 1^, a weak Cauchy basic sequence (xn) is said to be strongly 
summing (s.s.) provided that the scalar series converges whenever 

suPn II l^"=i Oj^^^ill is finite. We also recall that the basic sequence (xn) is 
equivalent to the summing basis provided that for every choice of scalars 
(an), the series Yl'i^=i '^nXn converges if and only if the series Yln'^n con- 
verges. 

There are similarities but also differences between Rosenthal's dichotomy 
and ours. Their relation is discussed in detail in the last section of this 
paper where we also give a slight improvement of Rosenthal's result and 
establish the corresponding statement to Elton's dichotomy for non-trivial 
weak Cauchy sequences. 

We next proceed with the results of the first two sections of this paper. 
In section ^ we present a criterion for embedding the family S^{M), where 
M G [N] , 1^ is a countable ordinal and n G N, into a hereditary family ^ of 
finite subsets of N. ( All relevant concepts and unexplained terminology will 
be thoroughly discussed in the next section.) This criterion, Theorem 2.13, 
is related to the notion of (^,M, (5, n) large families introduced in [ A-M-Tj] 



and [A-F], and for the case n = 1 it roughly says that given a hereditary 
family ^ of finite subsets of N, there exists M € [N] with Sg(M) contained in 
5 provided that for some subset A of the probability measures on N we have 
that supp'gj/x(F) > 6 > 0, for all fj, & A, and moreover, for every L € [N], 
every e > and C < there exists ^ £ A supported by L and such that 
sup^g5^ fi{F) < e. We apply Theorem 2.13 in section ^ in order to obtain 
a simpler proof (avoiding the use of the strong Cantor-Bendixson index) of 



the following dichotomy established in | A-M-T] ] . 



Theorem 1.6. For a weakly null sequence (x„) in a Banach space and 
1 < ^ < cji, one of the following holds exclusively: 
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1. For every M E [N] there exists N S [M] such that for all L S [N], 
is (L,^^) convergent. 

2. There exists M € [N], M = (mi)^^^, such that (xm^) is an if spreading 
model. 

It is perhaps worth noting that the summabiUty methods introduced in 



[ A-M-T| form the natural ordinal analogs of the Cesaro summability. These 



methods have been already employed in modern Banach space theory, | A-F |, 
[0-S| and it is possible that they can be applied to other branches of math- 
ematics as well. The proof of Theorem given here is accessible to non- 
specialists. 

Theorem yields 

Corollary 1.7. Let (x^) be a weakly null sequence in a Banach space, which 
is an if spreading model, for some countable ordinal ^, yet no subsequence of 
(xn) is an if^^ spreading model. Then there exists a semi-normalized convex 
block subsequence of which is Cesaro summable. 



Let us remark here that the hypothesis of Corollary 1.7 is satisfied by any 
weakly null sequence in a Banach space whose Szlenk index, |Sz], is equal 
to cj", n e N. Thus we generalize the result of Alspach and Odell, [ |A-C)|] , 
who established Corollary 1.7 for weakly null sequences in C{uj^ ), n € N. 

In the third section we give a simpler proof and a generalization of Elton's 
nearly unconditional theorem, Q, [pi||. More precisely we show 



Theorem 1.8. Let s = be a weakly null sequence in a Banach space 

and a countable ordinal. There exists M € [N] such that for every 6 € (0, 1] 
there exists a constant C{6) > so that the following property is satisfied: 
If L £ [M], n € N and {ai)f^^ are scalars in [—1, 1], then 



< C{6) maxl 6. 



■ s 



i=l 



for all F C {i < n : \ai\ > 5}. 



The proof of Theorem |1.8| is based on the combinatorial Lemma 3.2. The 
dual form of this lemma is also proved in section 3, Lemma 3.4, and as a 



consequence of it we obtain one of the main results of [ A-M-T | that every 
normalized weakly null sequence admits a convexly unconditional subse- 
quence. An equivalent formulation of this result is the following: 

Theorem 1.9. Let (xn) be a weakly null sequence in a Banach space. There 
exists M G [N], M = {mi), such that for all 6 > 0, there exists a constant 
C{d) > so that the following property is satisfied: If F £ [N]^°° and (Ai)jgir 
are scalars with \\ XligF ^i^mi \\ > S and |Ai| < 1, then \\ Xli^i aiXrm 1 1 > 



C{d), for all choices of scalars (a 
that \ai\ = \Xi\, for all i £ F. 



oo 



C Coo, with maxj \ai\ < 1 and such 
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Another apphcation of Lemma 3.4 is on the unconditionahty of if 
spreading models. Recall that the sequence is said to be uncondi- 
tional, if there exists a constant C > such that 



< c 



oo 
i=l 



for every F & and all choices of scalars (aj)^i C cqq. 

Theorem 1.10. Let (xn) be a weakly null sequence and ^ < uji. Assume 
(xn) is an if spreading model. There exists M G [N], M = (mj), such that 
(xmj is unconditional. 

We also obtain, Corollary 3.7, the result on Schreier unconditionahty, 
[ M-R ], |02| , that every normalized weakly null sequence admits, for every 
e > 0, a subsequence which is 2 + e S*! unconditional. 

Our final results. Theorem 3.9 and Corollary 3.11, concern the duality be- 
tween co^ and if spreading models, and the concept of the hereditary ^ 
Dunford-Pettis property. 

Before closing this section we would like to mention that according to an 
unpublished result of Johnson, [01|, if every subsequence of a normalized 
weakly null sequence (xn) admits a further subsequence which is strongly 
bounded, then there exists a subsequence of (xn) equivalent to the unit vec- 



tor basis of cq. Theorem |1.3| immediately yields a generalization of Johnson's 
result as the following corollary shows. 

Corollary 1.11. Let (x^) be a weakly null sequence in a Banach space. 
Assume that every subsequence of (xn) admits a semi-normalized convex 
block subsequence which is strongly bounded. Then there exists a convex 
block subsequence of (x„) equivalent to the unit vector basis of cq. 

We would like to point out that even under the stronger assumption of 
the proof has to go through the arguments of the general 
The main difficulty is that changing from a set L to a set M, the 



Corollary 1.11 



case. 

corresponding convex block subsequence supported by L, changes arbitrarily 
to a subsequence supported by M and thus there is no obvious way to apply 
directly the infinite Ramsey's theorem. 

We wish to thank H. Rosenthal for useful discussions regarding this paper. 

2. Large families 

In this section we present a criterion. Theorem 2.13, for embedding the 
family S^{M), where M G [N], ^ < and n G N, into a hereditary family 
5^ of finite subsets of N. This criterion will be applied in section 3 in the 



proof of Theorem 1.6 



We shall now introduce some notation and terminology that will be fre- 
quently used in the sequel and state all necessary definitions of the concepts 
discussed in this paper. We first recall the definition of the generalized 
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Schreier families introduced in |A-A]. It is convenient here to associate to 
each countable ordinal ^, a sequence of successor ordinals + 1) such that 
^ri + 1 = for all n € N, if ^ is a successor ordinal, while (^^ + 1) strictly 
increases to ^, if ^ is a limit ordinal. In the sequel we shall refer to (^n + 1) 
as the sequence of ordinals associated to ^. 

Notation . If Fi, F2 are non-empty subsets o/N with Fi finite, we denote 
by Fi < F2 the relation maxFi < mini<2- If fi, v are finitely supported 
signed measures on N, we also write ^ <v if suppfi < suppu. 

The Schreier families {5'5}5<c>ji are defined by transfinite induction as 
follows: 

5o = { {n} : n e N} ^{0}. 

Suppose that the families Sa have been defined for all q < ^. 
If ^ = C + 1, we set 

= |f G [N]<°° : F = [j Fi,F, e Si^,i <n,n < F^ < ■ ■ ■ < fA ^{0}. 

i=i ' 
If ^ is a limit ordinal, let + 1) be the sequence of ordinals associated 
to ^ and set 

S^ = {F e [N]<°° : n < minF, and F G for some n G N}. 

Definition 2.1. A semi-normalized sequence (xn) in a Banach space is an 
l\ spreading model, ^ < loi, if there exists a constant C > such that 



for every F & and all choices of scalars {ai)i^F. 

We recall here that if is a sequence in some Banach space, then the 
sequence (?/„) is called a convex block subsequence of if there exist sets 
Fi CN with Fi < F2 < ■ • • and a sequence (oj) of non- negative scalars such 
that for every i G N, t/j = J2neF o-nXn, and XlnG-F (^n = ^- We then denote 
by suppyi, the support of yi, that is the set {n G Fj : a„ > 0}. We shall 
also adopt the notation yi < y2 < ■ • • to indicate that (j/n) is a convex block 
subsequence of 

We next pass to the definition of the repeated averages hierarchy intro- 



duced in [ A-M-T |. We let (cn) denote the unit vector basis of £1. For every 
countable ordinal ^ and every M G [N] , we define a convex block subsequence 

of (en) by transfinite induction on ^ in the following manner: 
If ^ = 0, then = em„, for all n G N, where M = (m„). 
Assume that (C^)^^;^ has been defined for all C < C and M G [N]. Let 



^ = C + 1. Set 



mi 

M 



^ 1=1 
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where mi = minM. Suppose that < • • • < have been defined. Let 

= {'m ^ M : m > maxsupp^*^} and kn = minM„. 

Set 



P2: suppi^^ £ S^, for ah M G [N], ^ < wi and n G N. 



If is a hmit ordinal, let + 1) be the sequence of ordinals associated to 
and let also M G [N]. Define 

where mi = minM. Suppose that < ■ ■ ■ < have been defined. Let 
Mn = {m M : m > max supp^^} and kn = minM„. 

Set 

The inductive definition of {Cn^)^iJ^^ ^ M 

is now complete. The following 

properties are established in [1A-M-T]| . 

PI: {^n)'^=i is a convex block subsequence of (e„) and M = IJ^^Li supp^^ 
for all M G [N] and i < uJi. 

P3: If M,A^ G [N], ^ < wi, and suppif^ = supp^^ , for i < /c, then 
= for i < k. 

P4: If ^ < tJi, {rife : A; G N} C N, and {Lk : G N} C [N], are such that 
supp^ni < suppS^Ui+l, fo'^ 3,11 i G N, then letting L = IJi^i supp^^^, we have 
that = for all z G N. 

Properties P3 and P4 are called stability properties of the hierarchy 
{(er=i:MG[N]}. 

Next we recall the definition of M) convergent sequences. 

Notation . For a sequence s = (xn) in a Banach space and a vector fi = 

ZlJ^l "'nGn Ofli, we set H ■ S = X^J^l anXn- 

Definition 2.2. A sequence s = (xn) in a Banach space is called {(,,M) 
convergent, ^ < uJi, M G [N], i/lim„ \\^^ ■ s\\ = 0. The sequence s is called 
^-convergent, if for every M £ [N], there exists N G [M] such that s is L) 
convergent, for all L G [N] . 

Remark . A sequence is + 1,M) convergent if and only if it is {(,,M) 
summable. The latter concept is defined in [ A-M-T| . Therefore the ^ + 1- 



convergence of a sequence is equivalent to its ^-summahility introduced in 



[ |A-M-T|] 



We continue this preliminary discussion with the notion of a hereditary 
family. 
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Definition 2.3. 

1. A family ^ of finite subsets o/N is called hereditary , if for every G G J 
and F C G we have that F ^ ^. 

2. If ^ is hereditary and M G [N], M = (mi), then we define 5^[M] = 
{F £ d ■■ F C M}, and ^{M) = {M{F) : F £ d}, where M{F) = 
{rui : i € F}. 

3. If ^ is hereditary and n E N, then we set 

= l\jFi:Fi<--- <Fn andFied,i<n\. 

Remark . Evidently, if^ is hereditary then so are the families ^[M], ^(M) 
and 3^" for every n € N and M G [N] . It is also easily seen, by induction, 
that the Schreier families {S^}^^^^ are hereditary. 

We observe that for all ^ < cji and M £ [N], S^{M) C S^[M]. Note 
that the inverse inclusion does not hold. However, the following result of 
Androulakis and Odell, |AN-0|, shows that the two families are in a certain 
sense comparable. 

Lemma 2.4. For every M £ [N] there exists N £ [M] such that for all 
C<ui, {F \ {mm F} : F £ S^[N]} C S^{M). 

The next three lemmas describe properties of the maximal members of 
S^, ^ < uji. Their proofs are easily obtained by transfinite induction and 
therefore we omit them. 

Lemma 2.5. Let ^ < tui and F £ S^. The following are equivalent: 

1. If F C G and G £ S^, then F = G. Thus, F is a maximal set. 

2. F [J{n} ^ S^, for all n £'N with maxF < n. 

3. -FlJ{n} ^ S^, for some n € N with maxi*" < n. 

Lemma 2.6. Suppose that Fi < ■ ■ ■ < Fn are in S^[M], M £ [N]. There 
exist k < n and Gi < ■ ■ ■ < Gk, maximal members of S^[M] with minGi = 
minFi and such that 

fe— 1 n k 

\jGiCi\jF,c[jGu (Go = 0). 

i=l i=l i=l 

Lemma 2.7. Let M £ [N], ^ < ivi. There exists a (necesserilly) unique 
sequence {Fn{M)}nefi of consecutive maximal sets such that 

oo 

M = U F|(M). 



Remark 
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1. It is easily seen that if N = IJJ^Li ^fc„(^^)' where ki < k2 < ■ ■ ■, then 
F^{N) = F^JM), for a// n G N. 

2. Let M = (mi) and N = (rii) be infinite subsets o/N. Assume that for 
some p gN, we have that mi = ni, for all i < p. If F^{M) is contained 
in {rrn ■.i< p}, then, Ff{M) = F^{N), for all i < k. 

Notation . We let M. denote the set of the signed measures on N whose 
variation does not exceed 1. Clearly, M is naturally identified with the ball 
of li. If ^ M. and ^ < oji, we set 

M\(-=SMvM{F):F eS^}. 

We would like to mention here that the proofs of the results of this paper 
rely essentially on an important principle of infinite combinatorics known as 
the infinite Ramsey theorem. This theorem was proved in several steps by 
Nash- Williams, |NW], Galvin and Prikry, [ G-P| ] and Silver ||S||. Proofs of 



the infinite Ramsey theorem which are not model-theoretic, were given by 
Ellentuc [Ell|, and recently by Tsarpalias, |^. We recall the statement of 



the theorem. [N] is endowed with the topology of the pointwise convergence. 

Theorem 2.8. Let A he an analytic subset of [N]. For every M G [N] there 
exists L G [M] such that either [L] C A, or, [L] C [M] \ A. 



In the sequel, any set satisfying the conclusion of Theorem |2.8| , will be 
called (completely) Ramsey. 

Our next lemma is crucial for the proof of Theorem 2.13. 

Lemma 2.9. Let ^ be a hereditary family of finite subsets o/N, ^ a count- 
able ordinal and m G N. For every M G [N] there exists N G [M] such that 
either UI^i F^^{L) G ^ for all L e [N], or, \JZi Ff{L) i J for all L G [iV]. 

Proof. Let 



A=|lg[M]:Qf«(L)g5|. 

1=1 



It follows by the second remark after lemma |2.7| , that A is closed in [M] and 
therefore Ramsey. Hence, there exists G [M] such that either [A^] C A, 
or, [iV] n A = 0. If the former, then IJI^i fI{L) G 5, for all L G [iV]. If the 
latter, then (JI^Li fI{L) ^ J, for all L G [iV]. □ 

Definition 2.10. Suppose that A C A4, ^ is a hereditary family of finite 
subsets o/ N, > 0, M G [N] and ^ is a countable ordinal. 

1. We shall say that ^ 6-norms A, i/sup^g^ Ia'K-P') > for all fi £ A. 

2. A is called (^,M) large, if for every L G [M], C < ^ (^^id e > there 
exists ^ £ A such that |/u|(N \ L) < e and ||^||( < e. 

We are now ready for the proof of the main result of this section. We first 
treat the case n = 1. 
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Theorem 2.11. Let^ be a hereditary family of finite subsets o/N, M G [N], 
^ < LUi, and 6 > 0. Assume that there exists A C M which is (^,M) large 
and 6-normed by J. There exists N € [M] such that S^{N) C J. 

Proof. We first consider the case of ^ being a successor ordinal, say ^ = C + 1- 
Let P G [M] and m G N. We claim that there exists Q G [P] such that 

m 

\Jf^Hl) eS, for allLG [g]. 
j=l 

Indeed, if this is not the case, we obtain through Lemma |2.9| , Q G [P] such 
that 

m 

\Jf^{L) ^d, forallLG [Q]. 

i=l 

Since A is (^, M) large, there exists G ^ such that 

\\lj.\\r < — , and |/i|(N\(5) < — 
m m 

where < e < |. We also have that ^ 6 - norms A and therefore, there 
exists Fq £ ^ such that |/i|(Fo) > 6. It follows that |^|(-Fo fl Q) > ^ ~ 
thus, since ^ is hereditary, we can assume that Fq C Q and |^|(Fo) > 6 — e. 
Set 

L = Fq [J{q eQ : q> max Fq} 

which belongs to [Q], and choose k € N minimal with respect to Fq C 
ULi PR^)- Now, - 1 < m, as \J^~^ F^{L) C Fq and so it belongs to ^. 
Therefore k < m and thus 

6 — e < |/i|(Fo) < fc||;u||^ < e, by the choice of /i, 

which contradicts the choice of e. Hence our claim holds and we can induc- 
tively choose 

Pi D P2 D ■ ■ ■ , infinite subsets of M such that 

n 

(J F^^{L) G for all L G [Pn] and n G N. 

i=l 

Next choose mi < m2 < • • • with G for all n G N. We set A'" = 
{nin) and claim that S^{N) C J. Indeed, let F £ and assume that 
minF = n. Then P = IJi=i -^i> where Fi < ■■■ < Ff^ belong to 5^ and 
k < n. Applying Lemma |2.6| , we obtain a finite sequence {Gi)l^i, I < k, of 
consecutive maximal subsets of N with min Gi = rrin and such that 

i-i I 
\JG^CN{F) C IjG,. 

2=1 i=l 



12 S. A. ARGYROS AND I. GASPARIS 

Note that Gi G [P„], for z < Z and so there exists L e [P„] such that 

F^{L) = Gi, for all i < I. 

We now obtain that N{F) £ ^, as I < n. This completes the proof for the 
case of a successor ordinal ^. 

Let now ^he a limit ordinal and assume that the assertion of the theorem 
holds for all ordinals smaller than ^. Let + 1) be the sequence of ordinals 
associated to ^. We can now choose by the induction hypothesis, 

NiD N2D ■■■ infinite subsets of M 

such that S^^^i{Nn) C ^, for all n G N. Suppose that iVj = (m^)^^^, for all 
z G N, and choose mi < m2 < ■ ■ ■ such that mj G Ni and rrii > ml, for all 
z G N. Set = (mi) and it is easy to see that S^{N) C g^. □ 

Notation . Let (xn) be a sequence in a Banach space X and e > 0. We set 

^^ = {F e [N]<°° : 3x* G Bx* with \x*{xn)\ > e,Vn G F}. 
Clearly, is a hereditary family. 

Corollary 2.12. Let be a sequence in a Banach space X and 

S > 0. Let ^ be a countable ordinal and suppose that there exists a set A of 
absolutely sub-convex combinations of (xn) such that 

1. ||x|| > 6, for all x £ A. 

2. For every L G [N], e > and C < there exists x £ A, x = YliZi o-i^ij 
such that X^j^i I Oil < e and "Ylii^F < ^! for M F £ S(^. 

Then there exists N G [N] such that S^{N) C ^s. 

Theorem 2.13. Let ^ be a hereditary family, ^ < loi, M G [N], 5 > and 
n G N. Assume that there exists A C M, consisting of finitely supported 
measures, which is M) large. Assume further that if Hi < • • • < Hn o-i^'d 
fii G A, for i < n, then there exists G E ^ such that |/Uj|(G) > 6, for all 
i < n. Then, there exists N G [M] such that S^{M) C 

We shall need the following 

Lemma 2.14. Let M G [N], n G N and ^ < ui. Suppose that 

k 
i=l 

where is hereditary for all i < k. Then there exist N G [M] and io < k 
such that S^{N) C ^i^. 

Proof. Define 

Ai = |l G [N] : m(^U F/(L)j G for i < k. 
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Evidently, Aj is closed in [N] and therefore Ramsey, for all i < k. Of course, 
by our assumption, we have that 

k 

m = U 

i=l 

We may now choose P E [N] and iq < k such that [P] C Ajg . Let iV = M (P) , 
and clearly S"^ (TV) C Jio- □ 



Proof of Theorem \2.1S. By induction on n. The case n = 1 



has been settled in Theorem 2.11 . So assume n > 2. Choose 13 a countable 
dense subset of A. Clearly, B satisfies the same assumptions as A does in 
the hypothesis of Theorem ^.13 . Therefore, without loss of generality, we 



shall assume that A itself is countable. Let (afc) be an enumeration of the 
elements of A. We claim that there exist: 

1. A sequence (G^) of elements of ^ such that C suppaj. and [a^KCfc) > 
<5, for all ken. 

2. A decreasing sequence (M^) of infinite subsets of M such that suppaj. < 
Mk and Gk\jF e^, for all F G S'^-^(Mfc), and ah /c G N. 

Indeed, suppose that Gi, • • • , Gk~i and Mi D • • • D Mk_i satisfying 1 and 
2 have been constructed. Let G e ^ such that G C suppak and |afc|(G) > 6. 
Define 

5g = {i^ G 5 : G < F and G|J F e i?}. 

Let A = Uq^g, where the union is taken over all possible subsets G of 
suppak which belong to ^ and satisfy the relation |afc|(G) > 5. Of course, A 



is hereditary and the hypothesis of Theorem |2.13 is satisfied by the family 



A, the integer n — 1 and the set of measures {aj : < aj}. By the induction 
hypothesis there exists, for all /c € N, A*";;. G [Mfc_i] such that suppa^ < 
and S^^^{Nk) C A. Next choose according to Lemma |2.14| , G^ G J and 
Mk G [Nk] such that Gk C suppak, \ak\{Gk) > 6 and 5^"^^^) C ^g^- It 
follows now that Gk\JF e d, for all F £ 5^"^(Mfc). This completes the 
inductive construction and our claim holds. 
Let now F be a finite subset of N and set 

kp = min{fc G N : F C Gk}. 

We let kp = 0, if -F is not contained in Gk, for all G N. Inductively we 
construct a sequence of positive integers, mi < m2 < ■ ■ ■, in the following 
manner: Suppose that mi < • • • < and qi < ■ ■ ■ < qd-i have been 
constructed. ( mi is chosen arbitrarily in Mi and go = 0.) We set 

Qd = maxj/ciT : F C {mi, • • • ,md}] V qd-i- 

Next choose m^^+i G M^^+i such that m^j+i > m^ and m^+i > m^^"*^, where 
Mi = (mj)°^^, for ah i G N. Let P = (m^). We now claim that if F C P 
is contained in Gk, for some G N, then F[jH for all H G 5^"^(P) 
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such that F < H. Indeed, let = maxF. Then kp < qa and F C G^p- 
It suffices to show that H G S'^'^{Mkp) for ah H € S^"^{P) such that 
F < H. Our claim will then follow by condition 2 above. To this end, let 
R € S^{P), such that F < R. Suppose that R = {nii^,--- ,mi^}, where 
{ii, - • • , it} belongs to S^. Now, for all r < t, 

rrii^ > rrid+i and thus ir > d+ 1. 

So, 

m,-, > m'j'""^ > mf'* > mf^, as kp < q^. 
Hence, R E S^{Mkp), as claimed. Finally, consider the hereditary family 

oo 

S=\J{F -.F cGk}. 

k=l 



Clearly, the hypothesis of Theorem 2.11 is satisfied by D and the set of 



measures {ak\Gk : k e N}. We can thus find N G [P] such that S^{N) C D. 
It is now easily verified that S^{N) C □ 

Our next proposition will enable us verify that the set of measures 
is (C,N) large, for all ^ < wi. 

Proposition 2.15. For every M G [N], e > 0, and all ordinals C < ^ < ui, 
there exists N G [M] (depending on M, e, C,, ^) such that H'^^Hc; < e, for all 
L G [A^] and n G N. 

Proof. It suffices to show the following: 

Claim: Let ^ < wi. For all C < e > and M G [N], there exists 
L G [M] such that ||^f ||f < e. 

Indeed, assuming our claim holds, we observe that the set {L G [M] : 
ll^flk ^ closed in [M\ and therefore Ramsey. Our claim now yields 

the existence of G [M] such that H'^f ||(; < e, for every L G [N\. By 
stability, we obtain the assertion of the proposition. 

We shall prove our claim by transfinite induction on ^. If ^ = 1, then 
C = and the claim is easily verified. Assuming our claim holds for all 
ordinals smaller than ^, let first be a limit ordinal. Let also + 1) be the 
sequence of ordinals associated to ^. Suppose now that C, < £, and choose 
m G M so that 

C < and — < 

m Z 

We apply the induction hypothesis on the ordinal and the set Li = {i G 
M : i > m} to obtain L2, - ■ ■ , Lm, infinite subsets of Li such that 

< <■■■< [Ulf™ and 
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By stability property P4, there exists TV" G [M] with minN = m and such 
that 

[Cm]i^ = [(m\i\ for i < m. 

Now, 



Hence, 



m 

1=1 



So our claim holds if ^ is a limit ordinal. 

Suppose now that ^ = a + 1. C, < a, choose according to the induction 
hypothesis Li G [M] such that < £• Let m = vaxn suppa^'' and 

choose again by the induction hypothesis, L2, • • • , L^, infinite subsets of M 
such that 

af ' < ^ < ■ ■ ■ < and 

llo^f^llc ^ ^' 2 < i < m. 
But once again, by stability, there exists G [M] with minAT = m and 
such that 

= a-^ , tor i < m. 

Now, = EIli «f , and thus, H^f ||c < 6. 

The final case to consider is when C = Let (fii + 1) be the sequence of 
ordinals associated to a. Choose m E M such that ^ < f • Set Li = {n E 
M : n> m}. It follows that 

Let ki = max suppa^^. Choose according to the induction hypothesis L2 G 
[M] with ki < minL2 and such that 

Wai^hj < for aU j < ki. 

Let ^2 = max suppa^"^. Successive repetitions of the previous argument 
yield 

"1" < "1 ^ < ■ ■ ■ < "1"" with Li G [M] for i < m, 
such that if ki = max suppa^'* for i < m, then 

ll'-'^f'll/Sj < TTT" — ) for all i < ki-i and 2 < i < m. 

Stability now guarantees the existence of L G [M] with min L = m and such 
that 

af = ai% for all i < m. 
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Now, S,i = ^ Si^i (^i it remains to show that H^fHa < e. Indeed, let 
G £ Sa and choose io < m minimal with respect to GP| suppaf^ ^ 0. Let 
I = minG and observe that I < ki^- Choose p < I such that G G •S'/Jp+i- 
There exist q < I and (Gj)^^^ consecutive members of S/j^ such that G = 
U]=i Gj- Note that 

q <l <kif^ and also p < I < ki^. 



Thus, 



Therefore, 



Hence, 



2ki. 



for iQ < i < m. 



af{G)<q\\afy^<k 



— , for iQ < i < m. 



1 

m 



i=io+l 



1 e 
<- + -<£. 
m 2 



and so |l^f ||q < e. The proof of the claim is now complete. □ 

We next recall the concept of the {n,^,M,6) large families, | A-M-T |, | A-F[| . 

Definition 2.16. Let M e [N], ^ < uJi, 6 > and n £ N. The hereditary 
family ^ is called (n, ^, M, 6) large provided that for all N € [M] there exists 
F £^ such that CfiF) > 6, for all i < n. 



Corollary 2.17. 

that S^^{N) C 



Let ^ be {n,S,,M,6) large. There exists N € [M] such 



Proof. Proposition |2 . 1 5| and the fact that ^ is (n, ^, M, 6) large, immediately 
yield that ^ and satisfy the hypothesis of Theorem ^.13 . The assertion 
of the corollary now follows. □ 



3. A GENERALIZATION OF ElTON'S THEOREM. 

In the first part of this section we give the proof of Theorem which 
extends Elton's nearly unconditional theorem [ pl| ]. The second part of 
section |3| is devoted to the proof of the results concerning the summability 
methods, the convex unconditionality and the unconditionality. We also 
discuss the duality between Cq and if spreading models as well as the ^ 
Dunford - Pettis property. 

Let now s = be a weakly null sequence in the Banach space X. 
Recall here that s is additionally assumed to be a normalized, bimonotone, 
Schauder basic sequence. For this fixed sequence s and the countable ordinal 
^, we have the following 
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Definition 3.1. Let M G [N], A > and G N. The functional x* G Bx* 
is said to be ^-good for {X,M,k), if x*{£,f^ • -s) > 0, for all i < k, and 

Eti^*(e-^)>A. 



The main tool for proving Theorem |1.8| is the following combinatorial 
result. 

Lemma 3.2. Let e > 0, \ > and G [N]. There exists M G [N] 
satisfying the following property: If L € [M], A; G N and there exists x* G 
Bx* which is (,-good for (A, L, k), then there exists y* G Bx* which is (,-good 
for {X,L,k) and such that 

\y*{xn)\<e. 

Proof. Choose first (ei)^O' ^ sequence of positive scalars such that X^^q ^« ^ 
e. Let To = and T„ = {!,■■■ ,n}, if n G N. By an n-tuple of positive 
integers {mi)i(zT„, we shall either mean the empty tuple, if n = 0, or, that 
mi < ■ ■ ■ < nin, if n > 1. Let now n G N|J{0} and F C T„. The n- 
tuple {m.i)i^Tn ^-iid the infinite subset L of N, (L = {h)), are said to satisfy 
property [F — En), provided that m„ < Zi, if n > 1, and the following 
statement holds: 

If G N, and there exists x* G Bx* which is ^-good for (A, {ruj : j G 
\ : j > 2},k), then there exists y* G Bx* which is ^-good for 

(A, {mj : j £ Tn \ F} \J{lj : j > 2}, k) and such that 

n 

Y,\y*i^m,)\ + \y*{xi,)\ <Y,^i- 

jeF i=0 

Let us also say that {mi)i^T„ and L satisfy property (En), if they satisfy 
property {F — En), for every F C r„. 

We shall inductively construct an increasing sequence (m„)5^^ of elements 
of N, and a decreasing sequence (M„)J^q of infinite subsets of A'' with 
m„ G Mn-i, if n > 1, and so that for every n G N|J{0}, if L G [Mn], then 
(mi)jgT„ and L satisfy property (En). 

The first inductive step is similar to the general one and therefore we shall 
not explicit it. Assume that (mj)igr„ and Mq D • • • D M„, infinite subsets of 
A^, with nii G Mj_i for 1 < i < n have been constructed so that if z < n and 
L G [Mi], then {mj)j^Ti and L satisfy property (Ei). Let run+i = minM„. 
Fix F C Tn+i and define 

Af = {Le [Mn],L = {k), : (mi)i6T„+i and L satisfy (F - F„,+i)}. 

Clearly, A^? is closed in [M„] and therefore Ramsey. Suppose that for some 
P G [Mn], P = (pi), we had that [P] fl A^;' = 0. Let g G N and set 



= {Pj} \^{Pi ■i> Q}^ for all j < q- 
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Since Lj ^ Ap, for all j < q, there exist integers {kj^j^^ and functionals 
(^pj=i so that letting R = {rui : i G Tn+i \ F} \J{pi : i > q}, we 

have that for all j < q 

Xj is ^-good for {X,R,kj), 
and moreover, if y* G Bx* is ^-good for {X,R,kj) then, 

n+l 

'^\y*ixmi)\ + \y*{xp.)\ > ^e,. 

ieF 1=0 

Next choose jo < such that fejg = mm{kj : j < q}. We observe that if y* 
is ^-good for (A, i?, and y*{xi) = 0, for all z > max supp^^. , then y* is 
also ^-good for (A, R, kj), for every j < q. 
Now let t = max F and note that 

R = {mi:ie Tt-i \ F} [j{mi : t < i < n + 1} [j{pi :i>q}. 

By the induction hypothesis, since (rni)i^Tt-i {m-j : t < i < n+l} IJfe • 
i > q} satisfy property (Et-i), there exists z* € -Bx* ^-good for (A, i?, /sjg) 
and such that 

t-i 

\z*iXrni)\ + \z*{Xmt)\<J2^'- 
ieF\{t} i=0 

Thus, 

n 

Y\z*iXmi)\ < Xl^^- 
ieF 1=0 

Without loss of generality, since (xj) is bimonotone, we can assume that 
z*{xi) = 0, for all i > maxsupp,^^ . Our previous observation yields that 

z* is ^-good for (A, R, kj), for all j < q, and thus, 

n+l 

XI + \^*i^pj)\ ^ X^«' ^ - ^• 

ieF i=0 

Hence, |2;*(a;p^.)| > €n+i, for all j < q. We have reached a contradiction since 
(xi) is weakly null and q £ N was arbitrary. Concluding, there exists L £ 
[Mn] such that [L] C Ap. By repeating the previous argument successively 
over all possible subsets of T„+i, we obtain M„+i G [M„] such that [M„+i] C 
Ap, for all F C Tn-\-i- This completes the inductive construction. Set M = 
{rrii). Let L G [M] and G N and suppose that there exists x* G Bx* which 
is ^-good for (A, L, k). Now let m„ = max supp^^ and F = [i < n : rrii ^ 
\j'j=i supp^j'^. Our construction yields that (wii)ieT„ and {mj : i > n + l}, 
satisfy {F — En). We also have, by stability, that 

^f = ^f-, ioT all j<k, 
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where Rn = {rrii : i G T„ \ F} \J{mi : i > n + 1} and therefore there exists 
y* £ Bx* which is ^-good for (A, L, k) and such that 

n 

i&F j=0 

But (xj) is bimonotone and thus we can assume that y*{xi) = for ah 
i > m„. Hence, EigA/\Uj-i s«ppC^ \y*i^i)\ < as desired. □ 

Proof of Theorem Let S > 0. Our goal is to find M £ [N] and a constant 
C{5) > such that if L € [M], n G N, and (aj)"^]^ are scalars in [—1, 1], then 



< C{6) maxi 6. 



i=l 



for all -F C {i < n : \ai\ > 5}. If this is accomplished, then a simple 
diagonalization argument yields M E [N] which works for all (5 > 0. We let 



1 + 



fc+i 



for all k G N(J{0}. Inductively we construct a decreasing 



sequence [Mk] 



oo 
fc=0 



of infinite subsets of N such that for all k G N|J{0}, 
satisfies the conclusion of Lemma 3.2 for "A" = A^ and "e" = 6. Next choose 
mi < m2 < ■ ■ ■ so that rui G Mi, for all i G N. Let M = {mi). We shall 
show that M is the desired. To this end, let L G [M] and scalars (ai)"=i in 
[—1, 1]. Let also F C {1, ■ ■ ■ ,n} such that |aj| > 5, for all i £ F. Choose 
k G NU{0} so that 



k < 



8=1 



< fc+ 1 



and set F^ = {i £ F : i > k}. We claim that 

^aiif-s <4Afc. 

Assume this is not the case and choose x* G Bx* such that 

\YaiX*{^f ■ s)\ >4Afc. 

We can further choose Gk C F^ such that 



Y.a,x*{il:-s] 



> At 



the scalars {ai)i^Gu °^ ^'^^ same sign, and, 

■ •5) > 0, for alH G Gfc, ( by replacing x* by — x* , if necessary ). 

Observe that supp^^^ C -/Vf^, when k < i < n, and thus by stability, there 
exists y* G Bx* such that 

• s) > 0, for ah i€Gk, 
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X] ■s)> Xk and 



E 



\y*{xi)\ < 5. 



But now, 



> 6Xk - 6 = k + 1. 



E 



Thus, II Yli=k^i^t ■ s\\ > k + 1 and since (xn) is bimonotone, we also have 
that II tti^^ ■ s\\ > k + 1 which is a contradiction. Therefore, our claim 
holds and hence 



Concluding, 



'4(1 + ifllEILi^^ef -^IKi; 

k{5 + f ), if < II ^^^1 a^ef • s|| < + 1, G N. 



< C{5) maxi 5. 



i=l 



where, C(5) = 4(5 + |). The proof of Theorem L8 is now complete. □ 



Remark . A refinement of the proof of Lemma 3.i, yields that given 6 > 0, 
there exists M G [N] satisfying the following property: If L ^ [M] , G N 
and there exists x* G Bx* which is ^-good for {X,L,k), then there exists 
y* G Bx* with y*{ii • s) > for i < k and such that 

k k 

Ey*(^/'•«)>(l-^)E^*(^^^) 



i=l 



i=l 



J2 |y*(x„)|<65^y*(Cf ..). 



i=l 



This property in turn implies that the constant C{5) found in the proof of 
Theorem is actually proportional to | . 



Elton's aforementioned theorem follows immediately if we let ^ = in the 
statement of Theorem 1.8. As a corollary to Elton's theorem one obtains 
the following dichotomy |pl|: 



Corollary 3.3. A normalized weakly null sequence (x„) in a Banach space, 
either has a subsequence equivalent to the unit vector basis of cq, or, a 
Schauder basic subsequence {xm„) which is semi-boundedly complete. If the 
latter alternative occurs, then the sequence of the biorthogonal functionals 
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to {xm„), converges weakly to zero in the dual of the closed linear span of 



Our next result is the dual form of Lemma 3.2. 



Lemma 3.4. Let s = {xn) be a weakly null sequence in the Banach space 
X and ^ < ivi. Given e > 0, (5 > 0, G [N] there exists M € [N] satisfying 
the following property: If k gN, L [M], and there exists x* € Bx* so that 
^*i^n ' s) > S, for all n < k, then there exists y* G Bx* so that 

y*{^n ■ s)>S, for all n<k, and , ^ \y*{xn)\ < e. 

Proof. The proof is similar to that of Lemma |3.2| . Let us now say that the 
functional x* G Bx* is good for (5, L, k), if • s) > 6, for all n < k. Next 
choose (ei)i^O' ^ sequence of positive scalars such that X^i^o ^« ^ ^- Using 
the same notation and terminology as in Lemma |3.2| , let n G N 
F C Tn- The n-tuple {mi)i^T„ and the infinite subset L of N, (L = (k)), are 
said to satisfy property {F — E*), provided that m„ < /i, if n > 1, and the 
following statement holds: 

If /c G N, and there exists x* G Bx* which is good for (A, {mj : j G 
Tn \ F}\J{lj : j > 2},k), then there exists y* G Bx* which is good for 
(A, {nij : j £Tn\F} [J{lj : j > 2}, k) and such that 

n 

jeF i=0 

Let us also say that {mi)i^T„ and L satisfy property (E*), if they satisfy 
property {F — E*), for every F C T„. 

We shall inductively construct an increasing sequence (mn)J^i of elements 
of N, and a decreasing sequence (M„)J^q of infinite subsets of A'' with 
rUn G M„_i, if n > 1, and so that for every n G N|J{0}, if L G [Mn], then 
{mi)i^T„ and L satisfy property (E*). 

The first inductive step is similar to the general one and therefore we shall 
not explicit it. Assume that (mj)igr„ and Mq D • • • D M„, infinite subsets of 
A^, with rui G Mj_i for 1 < i < n have been constructed so that if i < n and 
L G [Mi], then {mj)j^Ti and L satisfy property (E*). Let m„+i = minM„. 
Fix F C T„-|_i and define 

Af = {Le [Mn],L = (k), : (mi)i6T„+i and L satisfy (F - E*^^)}. 

Clearly, A^? is closed in [Mn] and therefore Ramsey. Arguing as in the proof 



of Lemma 3^, we obtain Mn+i G [M„] such that [M„_|_i] C A^r, for every 
F C Tn+i- Indeed, we need only modify the definition of kj^ in the argument 
of Lemma |3.2| . We alternatively set kj^ = max{A;j : j < q} and observe that 
if y* is good for {5, R, kj^), then y* is also good for {6, R, kj), for every j < q. 
The argument of Lemma is now carried over unaltered yielding the proof 



of Lemma 3.4. □ 
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In the proof of the Schreier unconditionahty theorem, [M-R], [02|, we 
shah make use of the foUowing: 

Lemma 3.5. Let he a weakly null sequence in the Banach space X. 
Let also e > 0, (5 > and A; E N. There exists Q (z \N], Q = {qn), such that 
for every x* G Bx* and F G [N]'^' there exists y* G Bx* satisfying 



Proof. Again, the proof is much similar to that of Lemma 3.2. Choose 
first (ej)^Q, a sequence of positive scalars such that Yli^o^i < ^- ^ ~ 
(Ai,--- , Afc) be an element in [—1,1]'^. We shall say that the functional 
x* G Bx* is A-good for L, where L = (/,) is an infinite subset of N, if 
Yli=i \^*(^k) ~ -^il < ^- Using the same notation and terminology as in 
Lemma let n G N|J{0} and F C T„. The n-tuple {mi)i^Tn ^^'^ the 
infinite subset L of N, {L = (li)), are said to satisfy property {F — On), 
provided that m„ < li, if n > 1, and the following statement holds: 

If there exists x* G Bx* which is A- good for {nij : j G T„ \ F} \J{lj : j > 
2}, then there exists y* G Bx* which is A-good for {mj : j & Tn \ F} \J{lj : 
j > 2} and such that 

n 

jeF i=0 

Let us also say that {niiji^Tn and L satisfy property (On), if they satisfy 
property {F — On), for every F C T„. We shall inductively construct an 
increasing sequence {mn)'^^i of elements of N, and a decreasing sequence 
(Mn)5^o infinite subsets of N with m„ G Mn-i, if re > 1, so that for every 
re G N|J{0}, if L G [Mn], then {mi)i£T„ and L satisfy property (On)- 

The first inductive step is similar to the general one and therefore we shall 
not explicit it. Assume that (mj)igT„ and Mq D ■ ■ ■ D M„, infinite subsets of 
N, with rrii G Mj_i for 1 < z < re have been constructed so that if i < re and 
L G [Mi], then {mj)j^Ti and L satisfy property (Oj). Let run+i = minM^. 
Fix F C Tn+i and define 

Ap = {L £ [M„],L = (li), : (rrei)igr„+i and L satisfy (F - 0„+i)}. 

Clearly, Ai? is closed in [Mn] and therefore Ramsey. Arguing as in the proofs 



of Lemmas 3^ and we obtain Mn+i G [M„] such that [M„_|_i] C Ap, for 
every F C T„_|_i. The inductive construction is now complete and we set 
M = {mi). It follows, by our construction, that if F G [N]'^ and x* G Bx* is 
A-good for {rrij : j G F}\_}{mj : j > maxF}, then there exists y* G Bx* A- 
good for {rrij : j G F} \J{mj : j > maxF} and such that J2ji^F < 
e. Let us then say that M works for A. Finally, let f be a finite 5-net in 
[—1,1]'^, and choose Q G [N] which works for every A G f . It is easily verified 
that Q is the desired. □ 
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Lemma p.4| provides an alternative proof of the fact that every normalized 
weakly null sequence admits a convexly unconditional subsequence. 

Proof of Theorem Let 5 > 0. It is enough to find M e [N] , M = {rm), 
so that if F G [N]^°° and (Aj)jgi? are scalars satisfying || X^jg^ AiXm^ || > <5 

and ^ifzplM < 1) then, || 



oo 



> 1^, for all choices of scalars 



(Q^i)i^i C Coo with maxj |aj| < 1 and such that \ai\ = |Aj|, for all i £ F. 
Once this is accomplished, then a simple diagonalization argument yields 
M G [N] which works for all S > 0. To this end, let M = {mi) be the 



infinite subset of N resulting from Lemma 3.4 applied on the sequence 
for ^ = 0, "5"= I and "e"= g. Let now F G [N]<°° and (Ai)ieF be scalars 
such that II X^jgi? AjX^i II > ^ and Xligpl^il — 1- Choose x* G such 
that I Ylii^F -^i^*(^rrt,;)| > ^ and set 



G = {i(^F : \x*{xr, 



>-}. 



Clearly, | Eiec '^*^*(^'^ 



> 



2- 



Next, let (fli)^! C coo with maxj 



< 1 



and I Oil = |Aj|, for all i G F. By splitting G into four sets in the obvious 
manner, we find H C G such that 

6 



> 



the scalars {Xi)i£H are all of the same sign, and, 

x*{xmi) > - for all i £ H,{hy replacing x* by — x* , if necessary ). 

Now choose y* G Bx* with y*{xmi) > |, for all i £ H, and such that 
Ei^j? |y*(a;mj| < li- It follows that 



■t=i 



> 



ieH 



^aiy*{xm,) -^\y*ixm,)\ 



V-,. ,^ 

> > A,- > — . 
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Corollary 3.6. For a normalized weakly null sequence s = and 

^ < tJi, ^/le following are equivalent: 

1. There exists M G [N], M = {mi), so that {xrm) is an l\ spreading 
model. 

2. There exist N G [N] and 5 > such that S^{N) C Ss- 
Proof. Suppose 1. holds and let C > such that 

II Kxruj II > C |Aj| for all F G S"^, and scalars (Ai)igF- 
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Let t denote the sequence (yj), where yi = Xrm, for ah i € N. Then, HCf'^ll ^ 
C, for all L € [N]. It follows that for 6 = ^, the hereditary family 

{F G [N]<°° : M{F) G ^5}, 

is (1,^,N,(^) large. Corollary now yields N € [M] so that S^{N) C 5^5 
and thus 2. holds. 

Assume now that 2. holds and choose M = (rrij) £ [A^] as in the proof of 
Theorem applied on the sequence {xn)neN for "(5"= |. Let F G 5^ and 

scalars (Aj)^^^? such that Yli(^F ~ ^- claim that || Yli(^F ^i^nii II ^ 
which evidently yields 1. Indeed, by our assumption, there exists x* € Bx* 
such that |x*(xmi)| > for all i £ F. Next choose G C F such that 

the scalars {Xi)ieG are all of the same sign, and, 
x*{xrni) > for all i € G, ( by replacing x* by — x* if necessary ). 

Therefore, || ZljgG AjX^JI > lEieG '^*^*(^'"»)l ^ i' ^"^^ hence applying 
Theorem ^ we obtain that || ^i^p AjX^. || > ^(|)^ = as claimed. □ 

Proof of Theorem Assume that 2. does not hold. Let M G [N] and 
e > 0. It is easily seen that the set 

A, = {Le[M] : U^-s\\<e} 

where s = (xn), is closed in [M] and therefore Ramsey. If it were the case 
that [P] n A = 0, for some P £ [M], then the family would be (1, P, f ) 

large, and hence, by Corollaries p.l7| and |3.6| , {xn)neL would in turn be an if 
spreading model, for some L € [P] contradicting our assumption. It follows 
now that we can construct (M„), a decreasing sequence of infinite subsets 
of N, such that for all n e N, 

lief • s|| < -, for ah L G [A£„]. 
n 

Let now N be any infinite subset of M almost contained in each M„, and it 
is easy to verify that (xn) is {L,^^) convergent, for all L G [A^]. 

In order to show that 1. and 2. are mutually exclusive, assume that (xmi) 
is an if spreading model with constant C. We can choose A^ G [M] such 
that 

F \ {minF} G S^{M), for all F G S'^[A^], ( by Lemma |2j), 

lief llo < e, for ah L G [A^], ( by Proposition |2l5|) . 
where e > is chosen so that e < . It follows now that for every L G [A^] , 

WCn • s|| > C - (1 + C)e > 0, for all n G N, 
and thus (x^) is not (-L,^) convergent. Hence 1. does not hold. □ 
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An immediate consequence of Theorem |1.6| is Corollary 1.7. 

Proof of Corollary \1.% Suppose that s = (xn) is an if spreading model 
with constant C. It follows that |[^^ • s|| > C, for all n G N and L G [N]. 
Next, choose according to Theorem L6, N G [N] so that is {L,^ + 1) 
convergent, for every L G [N]. Evidently, (^^ • s) is Cesaro summable for all 
L G [N]. □ 



We continue our applications of Theorem with the 

Proof of Theorem Let C be the constant of the l\ spreading model 

Let now M G [N], M = (rrij) satisfying the conclusion of Theorem L9 
for the sequence and "(5"= ^. We claim that (x^J is 5"^ unconditional. 
Indeed, let n G N and scalars (ai)"=i be given. Let also F C {!,••• ,?t-}, 
F G S*^, such that || X^ieF || = 1- It follows that C'^,-gp|aj| < 1 
and II Y^ieF 



i-^nii I 



yjgiT CLiXrm II 

> ^. If there exists j < n so that C|aj| > 1, then, 
since (x„) is bimonotone, we obtain that || ^^"=1 '^i^;^, || > ^- So assum- 
ing that C|ai| < 1, for all i < n, we obtain through Theorem L9 that 



> 



C 

128' 



Hence, 



E 



< 



128 



1=1 



□ 



for every F G 5"^ and all choices of scalars (ai)"^;^. 

We also obtain the result on Schreier unconditionality, [M-R | , |02|. 

Corollary 3.7. Let be a normalized weakly null sequence in X and e > 
0. There exists a subsequence (xmj of (xn) which is 2 + e Si unconditional. 

Proof Choose first 9 > such that (1 + 6l)(2 + 6*) < 2 + e. By passing to a 
subsequence, if necessary, we can assume that is Schauder basic with 
basis constant 1 + 9. We first show that for every A; G N and N G 
exists L G [N], L = so that 

oo 
i=l 



there 



^aixi^ 

i&F 



< (1 + 



for every F G [N]'^ and all choices of scalars (aj) in cqo- Indeed, apply 
Lemma 3^ to the sequence {xn)neN to obtain L G [A''], L = [li], satisfying 

], and "e"= |. Let now (aj) C coo 
1. Let also F G [N]'^ and choose x* G Bx* such 



the conclusion of that lemma for k, "(5'' 

such that II Xli^i "-i^ii 
that 



ieF 



ieF 



aix*{xi^) 



Then choose y* G Bx* such that 



^ \x*{xi^) - y*(a;;J| < -, and , ^ \y*{xi;)\ < -. 



ieF 



i^F 
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We now have the following estimate 



1 



CO 

i=l 



> 



i=l 



> 



> 



^aiX*(x;J -'Y\ai\\x*{xl^)-y*{xl^)\-'Y\ai\\y*{xl^ 



HF 



i&F 



3- -3-, 
6 6' 



and thus, || X^jg^? flia^zjl < (1 + ^)ll Z^i^i aja;;. ||, as desired. We can now 
choose a decreasing sequence (M^) of infinite subsets of N such that for 
every A; G N, 





<{i + e) 




m£F 




rneMu 



for all F G [M^^' and j < k, and all choices of scalars {am)meMk C cqo- 
Finally choose m\ <m2 < ■ ■ ■ with mj G Mj, for all i G N, and set M = {nii). 
It is easily verified that the subsequence {xrm ) is 2 + e 5i unconditional. □ 

The final results of this section concern the duality between cq^ and l\ 
spreading models. We first recall the following 

Definition 3.8. A sequence {xn) in a Banach space is called a cq^ spreading 
model, 1 < ^ < uji, if there exists a constant C > such that 



iGF 



< C max lajl, 

i&F 



for every F € and all choices of scalars {ai)i^F. 



Notation . If M e [N] and (xn) is a sequence in X then we let Xm denote 
the closed linear span of the subsequence {xn)n€M- 

The duality between cq^ and £\ spreading models is described in the fol- 
lowing 

Theorem 3.9. Let (x^) and (x* ) be normalized weakly null sequences in X 
and X* respectively. Assume that for some e > we have that inf„ |x* (x„)| > 
e. Let 1 < ^ < uji. The following are equivalent: 

1. For every M G [N], there exists L G [M] such that {x^\XM)neL is an 
£i spreading model. 

2. For every M G [N], there exists L G [M] such that {xn)neL is a cq^ 
spreading model. 
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Proof. Once again, we assume our sequence (x„) is bimonotone. We can 
also assume, without loss of generality, that 



Furthermore, we shall assume that (xn) satisfies the conclusion of Theorem 
|l.8| for = and M = N. That is, for all 6 > 0. there exists a constant 
C{5) > such that for every n € N and all scalars (oj)"^]^ in [—1,1], if 
F C {1, • • • ,n} and |aj| > 5 for all i ^ F, then 



<C(«) 



E 



Qj'i X 1 



Assume first that 2. holds and choose L € [Af], L = (/j), and C > so 
that 



< C max loi 



for every F £ and all choices of scalars {ai)i^F- We claim that (x^* iX^f) 
is an l\ spreading model. Indeed, let F £ and scalars (aj)"^^. For 
each i £ F, let ej be the sign of ajX^* (x;.). Of course, || X]ieF^«^'ill — ^■ 



Therefore 
C 



i&F ieF jeF 

> ^\ai\\xlixij \ -^\ai\^\xl{xi^)\ 

i<^F ieF jj^i 

i£F 

and thus 1. holds. 

Suppose now that 1. holds. Choose, according to Corollary |3.6| , L € [M], 
L = (li) and 6 > such that 



S^L) C{F£ 
It follows that 



i<~ : 3x** £ Bx'* with > 5, Vn G F}. 



S^{L) C{F £ [N]<°^ : 3x£ Bx^ with > -, Vn G F}. 

We now claim that for every x £ Xm, the sequence (— r^ri-^Xm,) , where 

M = (mj), is strongly bounded. Indeed, let x = X^^i CiXm^ G ^^^^ 
note that by monotonicity we have that |cj| < 1, for all i G N. Then, for all 
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ken, 

k 

E 



< 



i=l i=l ^rni[Xmi) \ 



1 3 



1=1 j^i 



and our claim holds. Let now F and choose x G Bx^ such that 



(x)| > 2) for all i £ F. Since | ^* (.^^ ) | > 2' i £ F, our initial 

assumptions on the sequence yield that 

,5e 



<c(i) 



* / -I 
(r T^"^'- 



where m„ = ^maxF- Thus, letting bf 



i - < K)' 



for i € F, we have that 



-2 ^ 2 ' 



and I < l^f'l < i, for all i € -F and F £ S^. A standard argument now 
shows that 



for all F G and scalars {ai)i^F- Hence, 1. implies 2. 



□ 



Definition 3.10. The Banach space X satisfies the ^ Dunford-Pettis prop- 
erty (^-DP), 1 < C < ^1; for every pair of weakly null sequences 
and (x*) in X and X* respectively, with (x*) ^-convergent, we have that 
lim„ j;*(x„) = 0. 

X is said to he hereditarily ^-DP, if every subspace of X satisfies the 
i-DP. 



Corollary 3.11. For a Banach space X and 1 < C < "^i; ^he following are 
equivalent: 

1. Every normalized weakly null sequence in X admits a subsequence 
which is a Cq spreading model. 

2. X is hereditarily ^-DP. 

Proof. Assume first that 1. holds. Let y be a subspace of X and consider the 
normalized weakly null sequences {xn) and (x*) in Y and 1"* respectively, 
with (x*) .^-convergent. Suppose that for some e > and M = {mi) £ [N], 
it was the case that x^.(xmj > e, for all i G N. It follows that condition 2. 



of Theorem is satisfied and therefore {x^. ) admits a subsequence which 
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is an l\ spreading model in Y* . This contradicts with Theorem 1.6, as (x*) 
is ^-convergent. Hence Y satisfies the and 2. holds. 

Now suppose that 2. holds. Let [xn) be a normalized weakly null sequence 
in X admitting no subsequence which is a Cq spreading model. In particular, 
no subsequence of {xn) is equivalent to the unit vector basis of cq, and thus by 
Corollary [s]^ there exists M = {rtii) e [N] such that the sequence {x'^.\Xm) 
is weakly null in X^.j. Where (j;* ) denotes the sequence of the biorthogonal 
functionals of Our assumption further yields that condition 2. of 

Theorem ^]9| fails for the space Xm and the weakly null sequences (a^mj 
and {x'^.)\Xm in Xm and X*j^ respectively. Thus condition 1. fails as well 
and so there exists P = {pi) G [M] so that x*. |Xp is ^-convergent, according 



to Theorem L6. But Xp is ^-DV and thus, 1 = limjX*.(a;pJ = which is 



absurd. □ 



Remark . Corollary \3.11 can he viewed as a partial generalization of Cem- 



branos theorem, [Q, [ |K-0 |, that a Banach space X is hereditarily Dunford- 
Pettis if, and only if, every normalized weakly null sequence in X admits a 
subsequence equivalent to the unit vector basis of cq. 

4. BOUNDEDLY CONVEXLY COMPLETE SEQUENCES 



This section is devoted to the proof of Theorem L4 which immediately 
yields Theorem Our interest is concentrated in weakly null sequences 
without boundedly convexly complete subsequences. In the next series of 
lemmas, we describe their structure. We remark here that for the Schreier 
spaces X^, ^ < uj, described in Section ||, it can be shown that they con- 
tain no boundedly convexly complete sequences. However, an example of 



a weakly null sequence (yn) in X^^, is given in A-0 |, such that no convex 
block subsequence of satisfies the weak Banach-Saks property. It turns 
out that some subsequence of (yn), is boundedly convexly complete. We 
also mention that examples of boundedly convexly complete sequences can 
be constructed in C{uj^), the Banach space of functions continuous on the 
ordinal interval endowed by the order topology. 

In the sequel, s = (xn) will denote a normalized, bimonotone weakly null 
sequence in the Banach space X. We shall assume, without loss of generality. 



that s satisfies the conclusion of Theorem |1.8| , for Af = N and ^ = 0. That 
is, for every 5 > 0, there exists C{5) > such that if {ai)f^i are scalars 
in [—1,1], n E N, and F C {1, • • • ,n} with |aj| > 5, for all i G F, then 

\\T,iGF ^i^iW <C{6)\\Y17=l'^^^^\\■ 

Notation . 1. Let t = {yi) he a sequence in a Banach space and a = (aj) 
he a scalar sequence. We let a -t denote the sequence (uiyi). 

2. If M ^ [N], M = {rrii), we let tM denote the sequence (ymj- 

3. Let P = (pi) and Q = (qi) he infinite subsets of N with P almost 
contained in Q. Then ag^p = (q) is the scalar sequence obtained in 
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the following manner: Set Ci = 0, if qi ^ P. Then set ci = aj, if 
Qi = Pj) for some j G N. 

Lemma 4.1. Assume that s = (xn) has no subsequence which is b.c.c. 
There exist Mq € [N] and Sq > such that for every L G [Mq] there ex- 
ist a sequence of scalars {am)meL with {amXm)meL strongly hounded by 1, 
and a sequence (Fj),^^ of consecutive subsets of L so that the following are 
satisfied for every i eN: 



0"m ^ 0, for all m G F,, o,m < 1) CLf^d 



meFi 



> So- 



meFi 

Proof. We first observe that if P = (pj) and Q = (qi) are infinite subsets of 
N with P almost contained in Q, and a is a scalar sequence, then 

b{aQ\p ■ sq) < b{a ■ sp), and c(a, sp) < c{aQ\p, sq). 

To prove the lemma, it suffices to find Mq € [N], (^i > and I < K < oo, so 
that for every L € [Mq] there exists a scalar sequence a with b{a ■ sl) < K 
and c(a, sl) > <^i- Once this is accomplished, then Mq and = ^k^ satisfy 
the conclusion of the lemma. 

We now claim that there exists G [N] and Si > such that for all 
L G [N] there exists a scalar sequence a with 

b{a ■ sl) < oo, and c(a, sl) > 5i. 

If this is not the case we construct a decreasing sequence (Mj) consisting of 
infinite subsets of N so that c(a, sm,) < |, for every scalar sequence a with 
b{a ■ SMi) < oo. Let now M G [N] be almost contained in Mj, for all z G N, 
and choose a scalar sequence a such that 

b{a ■ sm) < oo, and c(a, sm) > 0. 

It follows that 

&(«Mi|M • SMi) ^ ■ Sm) < OO, 

for alH G N and thus, 

c{a,SM) < c{aMi\M,SMi) < -, 

for all i G N, which is absurd. Therefore our claim holds. 

Wc next claim that there exists Mq G [A^] and < oo so that for every 
L G [Mq], there exists a scalar sequence a such that b{a ■ sl) < K and 
c(a, Sl) > 5i. Again, were this claim false, wc could choose a decreasing 
sequence (Ni) of infinite subsets of N such that for all i G N, if c(a, s^r- ) > Si, 
for some scalar sequence a, then b{a ■ SjvJ > i- Now let T G [A^] be almost 
contained in each Ni and choose a scalar sequence a such that 

b{a • St) < oo, and c(a, st) > 5i. 

It follows that 

c{aNi\T,SNi) > c{a,ST) > Sl, 
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for alH S N, and hence 

b{a ■ St) > Ka^^iT ■ snJ > i, 
for alH G N which is absurd. □ 

Remark . If L £ [Mq], (Fi)'^-^ and {am)m<^L, are as in the conclusion of 
Lemma then we shall call the sequence (YlmeFi (^mXm)ieN, a sub-convex 
block subsequence of (xj) supported by L and satisfying the conclusion of 
Lemma \4-l[ 



Lemma 4.2. Let s = be a weakly null sequence having no subsequence 
which is b.c.c. Let Mq G [N] and 6o > be as in the conclusion of Lemma^^ 
applied on s. Suppose a < ui is a limit ordinal and denote by {an + 1) the 
sequence of ordinals associated to a. Assume that for every n G N and every 
N G [Mq] there exists M G [N] such that {xm)m&M is an i^"^"^ spreading 
model. Then, for every N G [Mq], there exists M G [N] such that {xm)meM 
is an If spreading model. 

Proof. Let A denote the set of those sub-convex combinations of the se- 
quence s which are members of a (not necesserihy the same) sub-convex 



block subsequence of s that satisfies the conclusion of Lemma 4.1 



We shall apply Corollary 2.12| to the sequence s and the family A in order 



to obtain T G [N] so that 5a (T) C . Corollary 3^ will then yield that for 

2 

some M G [T], {xm)m&M is an If spreading model. To this end, it suffices 
to show that for every iq G N, every e > and L G [N], there exists x (z A 
supported by L and such that \\x\\a^ < e. Suppose this is not the case and 

a +1 

choose according to the hypothesis P G [L] so that {xm)meP is an l^'° 
spreading model with constant K. Without loss of generality, by Theorem 
LIO] , we can assume that {xm)meP is Sa^^+i unconditional with constant 



C. Next, choose by Lemma |2.4 Q G [P] such that if F G Sa^ +i[Q], then 
F\{minF}G5„,„+i(P). 



Since s has no b.c.c. subsequences, there exist, by Lemma 4T, a sequence 
of scalars (aq)ggQ and a sequence (-Fi)^i of consecutive subsets of Q with 
{0'qXq)q^Q strougly bouuded by 1, such that for all i G N, 

Oq > 0, for all q G Fj, Oq < 1, and || CLqXq\\ > Sq. 

However, Ylq&Fi ^qXq G A, for all z G N, and moreover they are supported 
by L. Thus, there exists, for alH G N, 

Gi C Fj, Gi G Sa,^ so that ^ flg > e. 
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Next choose p £ N such that (p — 1)K€ > C. Choose also j G N with 
p < min Fj. Then 

j+p j+p 

[j Gie and thus \J Gi e Sa,^+i{P). 

l=j+l l=j+2 

Therefore, 



E 



>K aq>K{p- l)e > C. 



However, 



< c 



E ■ 

q<max Gj+p 



< c. 



This contradiction completes the proof of the lemma. 



□ 



Lemma 4.3. Let s = (x„) he a weakly null sequence having no subsequence 
which is b.c.c. There exist M E [N], ^ < wi and 5 > so that the following 
are satisfied: 

1- {xm)meM is in if^ spreading model yet no subsequence of {xm)meM is 

an i\ spreading model. 
2. For every N € [M], there exist L € [N] and a sequence of scalars 

{<im)m&N with {amXm)m€N strongly bounded by 1 so that for all i €N 



> 0, for all m G F^{L), ^ 

O-m ^ and ^ ^ OrnXm 
meF^{L) m&F^{L) 



> 6. 



Proof. Let Mq £ [N] and (5o > be as in the conclusion of Lemma 4.1 applied 
on s. 

Let C =min{a < uji : 3P G [Mq] such that VL G [P], 
{xn)neL is uot an £i spreading model }. 



Lemma O yields that ( is not a limit ordinal and thus ( = ^ + 1, for 
some countable ordinal ^. Choose now P G [Mq] so that no subsequence 
of {xn)neP is an if^^ spreading model. Since < there exists Q G [P] 
so that {xn)neQ is an £^ spreading model and of course no subsequence of 
{xn)n€Q is an (f^^ spreading model. 

It follows by Corollary 3.6, that for every L £ [Q], the family S^^i{L) is 
not contained in ■ Using Lemma 2.9 as we did in the proof of Theorem 



2.11| , we find M G [Q] and no G N, so that 

no 



1=1 
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for all L G [M]. It follows now, by Lemma 2.6, that every member of the 
family ^J^q [M] can be expressed as the union of at most no consecutive 

2 

sets. 

We are going to show that M and 5 = Js- satisfy 2. Indeed, let N € [M] 
and choose 

ni< Ai<n2< A2< ■■■ 

so that for all i E N, rij E and is a maximal subset of N . Set A^i = 
{rii : i G N}. By Lemma 4J., there exist a sequence of scalars {am)m€Ni and 
a sequence of consecutive subsets of A^i, (Fj)^j^ with {amXm)m€Ni strongly 
bounded by 1, so that for every i G N 



o-m > 0, for all m G Fj, am < 1, and a-rnXm 
We next choose, for every i G N, a functional x* G Bx* such that 



> So. 



m^Fi 



Xr, 



> So, 



and let 



Gi = {meFi: \x*{xm)\ > —}■ 



It follows now, as Gi belongs to ^Sg[M], that there exists, for every i G N, 

2 

So 



Hi C Gi, Hi S^, such that 



^ 2no 



By extending Hi to a maximal subset of Hi \J A^ax , if necessary, we 
can assume without loss of generality, that Hi itself is a maximal subset 
of N, for all i G N. We also extend the sequence (am)mGAfi to a scalar 
sequence {am)m&N in the obvious manner. 

Concluding, there exist Hi < H2 < ■ ■ ■ maximal subsets of N and a 
scalar sequence {cLm)m£N with {cLmXm)m£N strongly bounded by 1, so that 
for every i G N 

o-m > 0, for all m G < 1, and amXm > S. 

Finally, choose L G [N] such that F^{L) = ff,,, for all i G N, and we are 
done. □ 



Definition 4.4. Let M ^ [N], L G [M], n e n and 5 > The scalar 
sequence (a 

m)meM is called ^-faithful for [6,L,n), provided the following 
conditions hold: 

1- |flm| ^ |; for all m G M. 

2. {amXm)meM is strongly bounded by 1. 
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3. For every i < n we have that 

Om > 0, for all m G F^{L), < 1, o-nd CLmXm > ^■ 

Lemma 4.5. Let s = (x^) have no subsequence which is h.c.c. and satisfy- 
ing the conclusion of Lemma j| for some M G [N], < wi and 5 > 0. 

1. If i = 0, then some subsequence of {xm)m^M is equivalent to the unit 
vector basis of cq . 

2. If S, > 1, then for every N G [M] there exists P G [A^] so that for all 
L G [P] and n G N there exists a scalar sequence {am)m£N which is 
^ -faithful for (5, L,n). 



Proof. If ^ = 0, then according to Lemma |4.3| there exist a scalar sequence 
{am)meM and L £ [M], L = (/j), so that {amXm)meM is strongly bounded 
by 1 and > for all m £ L. It follows now that if x* G Bx*^ then for 
all /c G N, 

^ 2C{6) 



Y.\^*{xu)\< 



i=l 

and thus (x;-) is equivalent to the unit vector basis of cq. 

Assume now that ^ > 1 and let A'^ G [M]. It follows that no subsequence 
of {xm)mGM IS equivalent to the unit vector basis of cq and therefore, by 
Corollary we obtain A'^o G [N] such that {xm)meNo is semi-boundedly 
complete. 

We next choose, according to Lemma 13, a scalar sequence {am)m&No and 
Lq G [A^'o] with {amXm)meNo strongly bounded by 1 so that for all i G N, 



> 5. 



dm > 0, for all m G F^{L()), am < 1, and 

meF«(Lo) 

Since limmeTVo = 0, there exists io (^N such that \am\ < f > for all m € Nq, 
m > maxF-^(Lo). Set 



L= [Jf^{Lo) 

and extend the sequence [am)m&No to a sequence {am)m&N in the obvious 
manner. Evidently, {cim^m^N is ^-faithful for {6,L,n), for ah n G N. We 
next consider the set 

p = {L G [Af] : Vn G N 3 (a^)^g7V ^ -faithful for {6, L, n)} 

which is of course closed in [A^] and therefore Ramsey. Our previous argu- 
ment yields the existence of P G [A^] such that [P] C V. Clearly P satisfies 
the conclusion of part 2. of this lemma. □ 
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Lemma 4.6. Let s = {xn) he a weakly null sequence and assume that (x*), 
the sequence of junctionals biorthogonal to is weakly null in [{xn)]* ■ 
Let ^ < wi, M G [N], e > and 5 > 0. There exists N G [M] satisfying 
the following property: If L ^ [A^], n € N and there exists a scalar sequence 
{0"m)m€M which is -faithful for {6,L,n), then there exists {bm)meM which 
is S^-faithful for (S, L, n) and so that 



bm\ < e. 



Proof. The proof is similar to those of Lemmas |3.2| and 3.4. Choose first a 



sequence (ei)i^o positive scalars such that X^^q ^« ^ ^- Using the same 



notation and terminology as in Lemma 3.2, let n S N|J{0} and F C Tn- The 



n-tuple of elements of M {ri)i^T„ and the infinite subset L of M, L = (/j), 
are said to satisfy property [F — An) provided that r„ < Zi, if n > 1, and 
the following statement holds: 

If € N and there exists a scalar sequence {am)m&M which is (^-faithful 
for {5, {ri : i £ Tn \ F} \J{li : i > 2}, k), then there exists {bm)mGM which is 
^-faithful for {6, {r^ : i G r„ \ F} {J{li : i > 2}, k) and such that 

n 

Let us also say that {ri)i^T„ and L satisfy property (An), if they satisfy 
property {F - An), for all F C r„. 

We shall inductively construct an increasing sequence (r„),^]^ of elements 
of M and a decreasing sequence (M„)5^q of infinite subsets of M with 
rn G Mn-i, if n > 1, so that if n G Nljjo} and L G [M„], then {ri)i^T„ and 
L satisfy property (A„). 

The first inductive step is similar to the general one and so we shall not 
explicit it. Now we assume that < • • • < r„ and Mq D • • • D M„ have 
been constructed with rj G if i > 1, so that if i < n, and L G [Mi] then 

{rj)j£Ti and L satisfy property (Ai). Let r„+i = minM„ and fix F C Tn+i- 
We define 

Af = {L£ [Mn] : (ri)ier„+i and L satisfy (F - An+i)}. 

Clearly, A^? is closed in [M„] and therefore Ramsey. Suppose that for some 
P G [Mn], P = (pi), we had that [P] fl = 0. Let g G N and set 

= {Pj}[J{Pi ■ i>(l}, for all j < q- 

Since Lj ^ Ap, for all j < q, there exist integers {kjY-^^ as well as scalar 

sequences (am)mgAf, 3 < q, so that letting R = {ri : i G Tn+i \ F}[j{pi : 
i > q} we have that for all j < q, 

{aln)mGM is ^ -faithful for {6,R,kj), 
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and moreover, if {hjn)meM is a ^-faithful scalar sequence for {6,R,kj) then 

n+1 

^\bri\ + \bp^ \ >^ei. 

ieF 1=0 

Let ko = maxj/cj ■ j < q} and observe that any scalar sequence {hm)m&M 
which is ^-faithful for {5, R, ko), is also ^-faithful for {S, R, kj), for all j < q. 
Next, let t = maxF and note that 

R = {ri: ieTt-i\F}\J{ri: t < i < n + l}\J{pi : i>q}. 

By the induction hypothesis, since (rj)*"]; and {rj : t <i < n+l}[J{Pi '■ i > 
q} satisfy property there exists a scalar sequence (6Tn)meM which is 

^-faithful for {5, R, ko) and such that 

t-1 

^ \bri\ + \brt\ <^ei. 
ieF\{t} i=0 

Thus, 

n 

ieF i=0 

It follows now by our previous observation, that {bm)meM is ^-faithful for 
{6, R, kj), for all j < q and thus, 

n+1 

^ I + I^Pj I > XI ^ - 

ieF i=0 

Hence, \bp^\ > e„+i, for all j < q. 

Now choose mo > Pq, mo £ M. Then, \x*^iJ2m<mobmXm)\ > Cn+i, for 
all j < q- But II X^^<^g ^mS^mll < 1 and q is arbitrary and so {XpJ is not 
weakly null in [(xj)]*, contradicting our assumption. 

Concluding, there exists L G [M„] such that [L] C Ap. By repeating the 
previous argument successively over all possible subsets of T„_|_i, we obtain 
Mn+i G [Mn] such that [M„+i] C Aj?, for all F C T^+i. The inductive 
construction is now complete. Set = (r.j). Let L S [N] and A; e N. Let 
also {am)meM be a scalar sequence which is ^-faithful for {8, L, k). Suppose 
that Tp = maxF^(L) and let Gq = {i £ Tq : r-i ^ Uj=i ^ji^)}: fo'^ q > P- 
Our construction yields that iri)f^^ and {r^ : i > g}, satisfy (Gg — Aq), for 
all q>p. We also have, by stability, that for all q>p, 

FfiL) = Ff{Rq), for all i< A; 

where, Rq = {vi : i £ Tq \ Gq} \J{ri : i > q + 1}, and therefore there exists 
a scalar sequence {bm)meM which is ^-faithful for {S, L, k) and such that 

X|6?J<^6,<6. 
ieGq 1=0 
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Thus, 

Finally let {bm)meM be any cluster point of the sequence {{bm)meM) ^-^^ in 
[— 1, 1]^^. Evidently, this is the desired sequence. □ 

Lemma 4.7. Let t = [yi) he a sequence in Bx, i < ooi and /i a finitely 
supported probability measure on N. Assume there exist x* £ Bx* and e > 
so that • t) > 2e. Assume further that there exists / € N, / < suppfj,, 
such that IW^j-Wq < e, for every i < I, where + is the sequence of ordinals 
associated to ^. Let 

E = {ne suppn : x*{yn) > ' Ol- 

Then, there exists a maximal set containing l and contained in {/} |J E. 

Proof. Assume on the contrary, that no subset of {/} |J E containing / is 
a maximal set. We then claim that {OU-^ belongs to S^. Indeed, 
suppose that {/} y]E = {m-i, • • • , mfc}, mi = /, and choose r < k maximal 



with respect to {mi, ■ ■ ■ ,mk} G S^. If r < k, then Lemma 2.5 yields that 
{mi, • • • , TJir} is a maximal set contradicting our assumption. Thus r = k 
as claimed. 

There exists now i < I such that {1} |J E belongs to "S^j+i. It follows that 
we can find p < I and consecutive S,^. sets (^j)j=i so that 

{l}[jE=\jA,. 

But now, 

x*{fJ' -t) f^{n)x*{yn) + l^{'^)x*{yn) 

riGE n£suppfj,\E 

< YKAj) + -x*ifi-t) 
i=i 

and thus • t) < 2e. This contradiction completes the proof of the 

lemma. □ 

We are now ready for the proof of the main result of this paper. 

Proof of Theorem \1.^ . Assume that s has no subsequence which is b.c.c. 



Choose Me [N], ^ < wi and 6 > satisfying the conclusion of Lemma 4.5 
applied on s. If ^ = we are done since some subsequence of s is equivalent 
to the unit vector basis of cq . 
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Assume now that ^ > 1. Choose according to Corollary |3.3| , Mi € [M] 
so that the sequence {x^)m&hh of functionals biorthogonal to (xm)meAfi is 
weakly null in [(xm)meAfi]*- Next choose, according to Lemma |2^, M2 G 
[Ml] such that 

(1) F \ {minF} € 5g(Mi), for all F e ^^[Ms]. 

Let < e < 1 and choose a sequence of positive scalars (e„) such that 
Yll^=i < Choose also A > |(1 + 4e). Lemma 3^ now yields M3 G [M2] 



such that for every L £ [M3] and n € N, if there exists x* G Bx* which is 
^-good for {6, L, n), then there exists y* € Bx*, ^-good for {6, L, n) and such 
that 

(2) Yl \y*M\<e. 

We continue our choice of infinite subsets of M by choosing M4 G [M3] 
according to Lemma |4.6| . Thus, for every L G [M4] and n G N, if there exists 
a scalar sequence (arrt)mGAf3 which is ,^-faithful for {6, L, n), then there exists 
{bm)meM3, ^-faithful for (6,L,n), and such that 

(3) Yl l^'"! < ^• 

Finally, choose M5 G [M4] according to Lemma |4.5| applied for 'W = M4. 
It follows now, by (^), that for every L G [M5] and n G N, there exists a 
scalar sequence (am)meAf3 which is ^-faithful for {5,L,n) and such that 

(4) X] I"'"! < ^• 

meAf4\Ur=i^/(i) 

Let now Q G [M5]. Let also (Cn + 1) be the sequence of ordinals associated 
to ^. Repeated applications of Proposition |2.15| , now yield an increasing 
sequence of elements of Q, (k), and a sequence (Qi) of infinite subsets of Q, 
so that 

h < supp^'^^ <l2 < supp^f^ < ■ ■ ■ 



and 



hUf^a < ei, for all a G {U : m < k}[J{0} 



for all i G N. We thus obtain, by stability, P G [Q] such that = " , for 
all i G N, and therefore, 

h < suppS^i < h < supp^2 < • • • 

(5) ^ill^j^lla < ei, for ah a G {Cm : < k} J{0} and i G N. 

Let K be the l\ spreading model constant of {xm)mGM- By our choice of 
M2 G [Ml], (1) and (|) yield that 

U[-s\\>K-'f{K + l) 
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and hence {^f ■ s) is semi-normalized. 
We now claim that 

i&F 

for all F G [N]^°°. Our claim of course implies that {^f ■ s) is equivalent to 
the unit vector basis of cq. Were our claim false, there would exist q G N, 
integers ii < ■ ■ ■ < iq, and y* E Bx* such that 

<? 

y*(C • ^) > 0> for n<q, and 5]y*(C " ^) > A. 

n=l 

Since P G [M3], (H) yields x* G 5x* such that 

• > 0, for n < ^ • s) > A and 

ri=l 

(6) Yl < ^- 

Next we set / = {n < g : • s) > 2ei^}. It follows that 

(7) 5^:r*(ef„-.)>A-26. 

We now fix n G / and let 

En = {m€ suppif^ : x*{xm) > ^x*{(,f^ ■ s)}. 



Because of ([SD , Lemma |4j yields the existence of a maximal subset Dn 
of {^inlU such that minD„ = /j,^. Let rriQ = maxDmax/ and set 

m > mo}. 

nG-f 

Since L G [A^s], we obtain through (|^), a scalar sequence {am)m<^Ma which 
is ^-faithful for {6,L, \I\) and such that 

(8) ^ \am\ < e. 

We recall here that for every n I, 



> 0, for all m G Dn, am < 1, and a^Xm 



> 6. 



Of course, (a 

mXm)m£M3 is strongly bounded by 1 and \am I < |, for all 
m G M3. Therefore, 

(9) 



am > for all n G I. 
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Our construction yields that 

(10) ^ \am\\x* {xm)\ < 2e. 
Indeed, 

|am||a;*(a;m)| < ^ joml + ^ \x*{xr, 
< e+ X] \x*ixm)\, by (|) 

meM3\U^=i 

and since P G [Af4], 

(11) <e + e = 2e, by (|). 
We also observe that 

(12) ^ \x*{xij\ < e, as /i„ G M3 \ |J supp^f^, for all n G /. 

n£l n=l 

Hence, 

> ^ ^ amX*{xm) - 2e, by (|0|), 

n67 mdDn 

> X] X] amx*(xm) -^|x*(a;i^^)| -2e 
>E E «™^^*(C-^)-3e, by (© 

ne/mG-D„\{/i„} 

and since D„ \ C En, 
>^E^*(C-^)-3e, by (i 

>^(A-2e)-3e, by (0). 



X 



It follows now that 

1 > 



m<mo 



and thus A < |(4e + 1) contradicting the choice of A. 

Hence, our claim holds and {^f ■ s) is equivalent to the unit vector basis 
of cq. Moreover, the equivalence constant C, depends only on K, 6 and e. 
It is now easily seen that the set 

{P G [M5] : (4^ • s) is C-equivalent to the CQ-basis }, 
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is closed in [il/5] and therefore Ramsey. Our previous argument yields G 
[M5] so that -s) is equivalent to the unit vector basis of cq, for all Q E [A^] . 



The proof of Theorem 1.4 is now complete. □ 



Theorem 1.3 follows immediately from Theorem 1.4 



5. Non-trivial weak Cauchy sequences 



The last section is devoted to the relation between Theorems 1.3 and 1.5. 



We first observe the following immediate consequence of Theorem ( |1.5| ) 

Corollary 5.1. The following are equivalent for a non-trivial weak Cauchy 
sequence (xn) in a Banach space: 

1. There exists a subsequence of (xn) which is {s.s.). 

2. There exists a subsequence {xm„) of (xn) such that every convex block 
subsequence of {xm„) is semi-boundedly complete. 

Proof. The fact that 1. implies 2. is immediate since (s.s.) sequences are 
easily seen to be semi-boundedly complete, and every convex block subse- 
quence of an (s.s.) sequence is also (s.s.) |^. 

Suppose now that 2. holds. If no subsequence of (x„) were (s.s.), then 
Theorem (^]^) yields a convex block subsequence of {xm„ ) equivalent to the 
summing basis. But the summing basis is not semi-boundedly complete. 
This contradiction shows that 1. must hold. □ 

Corollary yields the following equivalent formulation of Rosenthal's the- 
orem: 

Corollary 5.2. For a non-trivial weak Cauchy sequence (x„) in a Banach 
space one of the following statements holds exclusively: 

1. There exists a subsequence {xm„) of (xn) such that every convex block 
subsequence of {xm„) is semi-boundedly complete. 

2. Every subsequence of {xn) admits a convex block subsequence equivalent 
to the summing basis. 



Evidently, Corollary |5.2| makes even more transparent the analogy be- 



tween Rosenthal's result and Theorem We also note here that, as it is 
shown in [Q, [xn) is an (s.s.) sequence, if and only if every proper subse- 
quence of its difference sequence is semi-boundedly complete. (In the termi- 
nology of 0], the difference sequence (cj) of an (s.s.) sequence is (c.c). That 
is, if sup„ II X][Li is finite, then the scalar sequence (a„) converges.) 



We next give a quantitative version of Theorem 1.5. 



Corollary 5.3. Let t = (x„) be a non-trivial weak Cauchy sequence having 
no subsequence which is (s.s.). Then for every N G [N] there exist M € [N], 
a countable ordinal S, and a constant C > 0, so that (^^ • t) is C-equivalent 
to the summing basis for every L € [M] . 

The proof of this corollary requires the following lemma 
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Lemma 5.4. Let ^ he a countable ordinal, -P € [N]. Also let t = he 
a sequence in a Banach space which is {^,L) convergent for every L G [P]. 
Given (e„), a sequence of positive scalars, there exists M € [P] such that 
11^^ • t|| < en, for every L G [M] and all n G N. 

Proof. Let Q G [P]. Our assumptions allow us to choose (A;„), an infinite 
subset of [N], so that ||^^ ■ t|| < e„, for all n G N. Stability now yields 
L G [Q] such that ||^^ • t|| < Cru for all n G N. The assertion of the lemma 
follows from this since {L G [P] : llCn • t\\ < e„, for all n G N} is a closed 
subset of [P] and therefore Ramsey. □ 



Proof of Corollary 5.5. Theorem ( [L.5[ ) yields u = (u„) a convex block sub- 
sequence of (xn) equivalent to the summing basis. We set v = {xn — Un) 
which is clearly a weakly null sequence. By the results of | A-A| there ex- 



ists a countable ordinal ^ such that no subsequence of v is an £| spreading 
model. It follows now, by Theorem |1.6| , that there exists P G [N] such that 
lim^ 11^^ ■ v\\ = 0, for every L G [P]. We next choose (e„), a sequence of 



positive scalars such that en < 1. As a consequence of Lemma 5.2 we 
obtain M G [P] such that |[^^ ■ v\\ < e„, for every L G [M] and all n G N. 
A standard perturbation result now yields D > such that {S^^ ■ t) is D- 
equivalent to (^^ • u) , for all L G [M] . Since the summing basis is uniformly 
equivalent to all of its convex block subsequences, we obtain C > such 
that (^^ • t) is C-equivalent to the summing basis, for all L G [M]. This 
completes the proof. □ 



We observe the similarity between the statements of Theorem 1.4 and Corol- 



lary 5.3. However, the set of ordinals ^ satisfying the conclusion of Theorem 
|1.4| is a bounded segment of [0, wi), in contrast with the corresponding set 
in Corollary which is of course unbounded. 



We continue our discussion about the relation between Theorems L2 and 



1.5, Recall that Rosenthal's co-theorem states that every non-trivial weak 
Cauchy sequence (xj), either has an (s.s.) subsequence, or else there exists 
a convex block subsequence (sj) of (xj) equivalent to the summing basis. 
In the later case, setting Vj = xj — sj, we observe that (vj) is weakly null 
and that {xj — vj) is equivalent to the summing basis. Therefore, passing 
to a convex block subsequence in Rosenthal's theorem acts as a filtration to 
remove the "noise" coming from an arbitrary weakly null sequence. In our 
case the reasoning for passing to a convex block subsequence is different: It 
exhausts the local £i structure of the sequence. 

In spite these differences it seems that there are similarities in the state- 
ments for weakly null and non-trivial weak Cauchy sequences. Our final 
corollary which is the analog to Elton's dichotomy illustrates this 

Corollary 5.5. For a non-trivial weak Cauchy sequence one of the 

following statements holds exclusively: 

1. Every suhsequence of admits a subsequence equivalent to the sum- 
ming basis. 
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2. There exists a subsequence of which is semi-boundedly complete. 

Proof. Clearly the statements are mutually exclusive since the summing 
basis is not semi-boundedly complete. 

Suppose that 2. does not hold. It follows that no subsequence of 
is {s.s.). Theorem now yields that every subsequence of {xn) admits a 
convex block subsequence equivalent to the summing basis. To prove that 
1. holds let {xm„) be a subsequence of Without loss of generality, by 

passing to a subsequence according to Proposition 2.2 of @, we can assume 
that dominates the summing basis. 

Next choose (un), a convex block subsequence of (xn) equivalent to the 
summing basis. We set Un = Xm„ — Un, for all n € N. If (y^) is not semi- 
normalized, then 1. follows. So assuming that (y„) is semi-normalized we 
claim that there exists a subsequence of (?/„) equivalent to the unit vector 
basis of cq. Indeed, if that were not the case, then by Elton's dichotomy. 



Corollary |3.3| , there would exist a semi-boundedly complete subsequence of 
{Un)- But since every subsequence of {xm„) dominates the summing basis 
(and therefore every subsequence of (ii„) as well), we obtain that {xm„) 
has a semi-boundedly complete subsequence which of course contradicts our 
assumption that 2. does not hold. Hence, our claim must hold and it 
immediately yields a subsequence of {xm„ ) equivalent to the summing basis 
in view of the following elementary fact: Let (/„) and be sequences in a 
Banach space with (/„) equivalent to the summing basis and (gn) equivalent 
to the Co basis. Then there exists a subsequence of {fn + gn) equivalent to 
the summing basis. □ 
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